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Abstract
We construct with a geometric procedure the supersymmetry transformation
laws and Lagrangian for all the “variant” D = 11 and D = 10 Type IIA super-
gravities. We identify into our classification the D = 11 and D = 10 Type IIA
“variant” theories first introduced by Hull performing T–duality transformation on
both spacelike and timelike circles. We find in addition a set of D = 10 Type IIA
“variant” supergravities that can not be obtained trivially from eleven dimensions
compactifying on a circle.
1 Introduction
Variant supergravities were first introduced by Hull [1] considering T–duality transfor-
mations on timelike circles. Type IIA and Type IIB string theories are interchanged
by T–duality on a spacelike circle while if the T–duality is performed on a timelike circle
they transform respectively into the IIB∗ and IIA∗ theories, that are “variant” form of
the conventional Type IIA and Type IIB string theories, characterized by the presence
of ghosts. From a supergravity point of view, this reflects into the fact that while the
compactification on a spacelike circle of Type IIA and Type IIB supergravities leads to
the same nine dimensional theory, the compactification on a timelike circle of Type IIA∗
and Type IIB∗ supergravities leads to the same Euclidean nine dimensional theory.
Further developments [2] considered the possibility of perform more complicated T–duality
on tori including both spacelike and timelike circles obtaining Type II D = 10 andD = 11
variant supergravities with non Lorentzian space–time signature and often with ghost–like
fields.
In this paper we consider the problem of constructing such variant supergravities, par-
ticularly the variant D = 11 and D = 10 Type IIA theories, from an algebraic point of
view. In the present case, this can be done only for those signatures admitting reducible
spinors, since we need no more than 32 supersymmetries in order to avoid fields with spin
higher than two. In D = 11 only the Majorana condition can be imposed and this is
possible only for signatures ρ = sˆ− tˆ=1, 7 (mod 8); for the non–chiral Type IIA, we can
use only Majorana or Majorana–Weyl spinors, that in D = 10 occur when the number of
timelike dimensions is t=0, 2, 6 (mod 8) [3], [5], [4].
We know that conventional D = 11 [6], [7], [8], [9] and D = 10 Type IIA [10], [11]
supergravities are local theories of the OSp(1|32) supergroup, thus their fields form a real
irreducible representation of OSp(1|32), respectively on an eleven and ten dimensional
Minkowski space–time. This implies, in the geometric (group–manifold or rheonomic) ap-
proach, that we are able to construct with such fields a Free Differential Algebra (FDA)
[12] (that is a set of generalized Maurer–Cartan equations closed under d–differentiation
describing the supersymmetric vacuum configuration; this will be the starting point for
the construction of the theory. From this point of view, if in D = 11 or D = 10 and in a
given space–time signature we are able to write down one or more FDA involving a real
representation of OSp(1|32), in principle we can construct the corresponding supergrav-
ity. On the other hand, we know that OSp(1|32) has only one real form. In reference [14]
it is shown that in D = 11 there is only one vector in the OSp(1|32) algebra that can be
identified with a real translational operator, then for each allowed signature there is only
one real representation of OSp(1|32); so we expect we are able to construct just one FDA
for each signature and consequently only one supergravity. On the contrary in D = 10
there are two possible identifications for the vector acting as a translational operator,
then there are two real representation of OSp(1|32) for each signature, and consequently
we could in principle construct two distinct FDA and two supergravities.
In the present paper we will take as a starting point the construction of all possible FDA
for each allowed signature. We will see how it is possible to identify the ghost content of
each variant theory just from the FDA whit no need to construct the the theory. Then
we outline a quite general procedure to construct a variant supergravity once the conven-
tional one is known and apply it to the present case.
2
The paper is organized as follows:
In Section 2 we construct all the possible FDA in eleven dimensions and derive the
procedure which we will use to identify the structure of the D = 11 variant supergravities.
In Section 3 we repeat the same steps for the D = 10 Type IIA variant supergravities.
In section 4 we perform explicitly the construction of the variant D = 11 and D = 10
Type IIA supergravities from the conventional ones and give all the supersymmetry
transformation laws and Lagrangians.
In Section 5 we give our conclusions and in Appendix we discuss the consistence of
the Majorana condition for different signatures and the definition of the Dirac conjugate
spinors.
2 Construction of D = 11 Free Differential Algebras
In this section consider the problem of constructing a D = 11 supergravity with a non
Lorentzian signature (tˆ, sˆ), with
η = {+,+,+︸ ︷︷ ︸
tˆ times
, . . .−,−,−︸ ︷︷ ︸
sˆ times
} (2.1)
that we will indicate with M(tˆ, sˆ). First we observe that we can construct a D = 11
supergravity only for those signatures allowing Majorana spinors, since the number of
real supercharges can not be higher than 32, in order to avoid the presence of fields whit
spin higher than two. It is well known [3] that this is possible only for the following
signatures:
M(1, 10) M(2, 9) M(5, 6) M(6, 5) M(9, 2) M(10, 1)
The field content of the D = 11 supermultiplet is given by the spin 2 vielbein field V aˆµˆ , the
spin 3
2
gravitino field ψµˆ and by the spin 1 antisymmetric tensor field Cµˆνˆρˆ; aˆ, bˆ = 1, 2 . . . 11
are flat indexes, µˆ, νˆ = 1, 2 . . . 11 are curved indexes.
The M(tˆ, sˆ) supergravities are based on the following Free Differential Algebra (FDA)[9]
describing the supersymmetric vacuum configuration.
DV aˆ + αψ¯Γaˆψ = 0 (2.2)
Raˆbˆ = 0 (2.3)
Dψ = 0 (2.4)
F = dC + βψ¯ΓaˆbˆψV
aˆV bˆ = 0 (2.5)
where Raˆbˆ = dωaˆbˆ−ωaˆcˆωcˆbˆ is the Lorentzian curvature and ωaˆbˆ the spin connection, while
D is the Lorentz derivative. Γaˆ are the eleven dimensional Gamma-matrices, satisfying
the Clifford algebra {
Γaˆ,Γbˆ
}
= 2ηaˆbˆ (2.6)
with ηaˆbˆ defined in equation (2.1).
The closure under d-differentiation does not depend on α and β and relies on the following
Fierz identity:
ψ¯Γaˆψψ¯Γaˆbˆψ = 0 (2.7)
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On the other hand, since the fields appearing in the D = 11 multiplet are a real represen-
tation of OSp(1|32) [9], α and β must be chosen appropriately; in order to do that, we
must analyze the reality of the currents appearing in the FDA, since it depends on the
signature (tˆ, sˆ) and on the way we define the Dirac conjugate spinor
ψ¯ ≡ ψ†G−1 (2.8)
We have two possible choices for the matrix G in D = t + s dimensions [13] in order to
have ψ¯ψ transforming as a Lorentz scalar: the first choice corresponds to the product of
all the timelike Gamma–matrices, that is:
GI = Γ
1 . . .Γt (2.9)
while the second choice corresponds to take the product of all the spacelike Gamma–
matrices:
GII = Γ
D−s . . .ΓD (2.10)
Correspondingly the hermitian conjugate of the Gamma–matrices is given by:
Γa† = η G−1ΓaG (2.11)
where the phase η takes two different values according to the two choices of G, namely
ηI = (−1)t−1; ηII = (−1)s (2.12)
If we consider a current ja1...an ≡ λ¯γa1...anλ, where γa1...an is a totally antisymmetric
product of Gamma–matrices, we have [13]
(ja1...an)∗ = −δχja1...an
χI = (−1) 12 (t−n−1)(t−n)
χII = (−1) 12 (n−s−1)(n−s) (2.13)
where the subscripts I and II refer to the two possible choices for the matrix G =
{GI , GII} and δ = ±1 is the arbitrary phase appearing in the convention one uses for
the definition of the complex conjugate of the product of two spinors, namely [13], [15]
(λµ)∗ = δλ∗µ∗ = −δµ∗λ∗ (2.14)
Let us apply those considerations to the D = 11 case, for the signatures we are interested
in; we resume the result in Table 1.
M(1, 10) M(2, 9) M(5, 6) M(6, 5) M(9, 2) M(10, 1)
χI χII χI χII χI χII χI χII χI χII χI χII
ψ¯Γaψ -1 +1 -1 -1 -1 +1 -1 -1 -1 +1 -1 -1
ψ¯Γabψ +1 -1 -1 -1 +1 -1 -1 -1 +1 -1 -1 -1
Table 1: Values of the phase χ for D = 11 currents
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We can see that for each signature the choice I or II is equivalent, because of the
arbitrary phase δ (see Appendix). For the M(1, 10) theory we choose α = − i
2
and we
see that this leads to a real vielbein in equation (2.2) if we set, for instance, δ = −1 and
G = GI ; consequently β should be a real number and we choose β = −12 , obtaining this
way the following M(1, 10) FDA [9]:
DV aˆ − i
2
ψ¯Γaˆψ = 0 (2.15)
Raˆbˆ = 0 (2.16)
Dψ = 0 (2.17)
F = dC − 1
2
ψ¯ΓaˆbˆψV
aˆV bˆ = 0 (2.18)
Looking at Table 1 we see that, keeping δ = −1 and G = GI , we can set α = − i2 for all
signatures; on the other hand β must be real for signatures M(1, 10), M(5, 6), M(9, 2)
an we set β = −1
2
, while it should be pure imaginary for signatures M(10, 1), M(6, 5),
M(2, 9), in these cases we can choose β = − i
2
, obtaining this way a different FDA.
DV aˆ − i
2
ψ¯Γaˆψ = 0 (2.19)
Raˆbˆ = 0 (2.20)
Dψ = 0 (2.21)
F˜ = dC˜ − i
2
ψ¯ΓaˆbˆψV
aˆV bˆ = 0 (2.22)
Obviously if we start from the FDA (2.19)–(2.22) and implement the rheonomic construc-
tion procedure we will obtain a theory which differs from the conventional one obtained
from the FDA (2.15)–(2.18). By the way there is no need to construct from the very
beginning the supersymmetry transformation laws and the Lagrangian for all the variant
forms of D = 11 supergravity; it is more useful to find some suitable redefinitions that
transform the conventional D = 11 supergravity into its variant forms.
For signatures M(10, 1), M(6, 5), M(2, 9) if we keep β = −1
2
, that is we start from the
same FDA (2.15)–(2.18) of the conventional theory, we would work with a pure imagi-
nary super covariant field strength F . We know that this do not correspond to a real
representation but the closure of the FDA depends neither on the space-time signature,
nor on the reality of the fields; the Fierz identity (2.7) follows from the absence of some
threelinear fermionic representations of SO(11), and of all its non compact forms SO(tˆ, sˆ).
The whole rheonomic procedure of constructing the supersymmetry transformation laws
from the FDA (see for instance [12]) does not depend on the space-time signature and the
reality of the fields; once the supersymmetry transformation laws are given, is easy to see
that also the Einstein term and the bosonic kinetic terms of a supersymmetric Lagrangian
are certainly not depending on these latter. This means that if we keep β = −1
2
for all
M(tˆ, sˆ) theories, we have formally the same FDA for them all, consequently we will get
formally the same supersymmetric transformation laws and the same kinetic Lagrangian.
At this point one has just to recall that for M(10, 1), M(6, 5), M(2, 9) theories the field
F is pure imaginary and it must be expressed in terms of a real field F˜ , that is F = −iF˜ .
Consequently, since the M(1, 10) theory is ghost free, the kinetic term of the field F un-
dergoes a change of sign; hence for M(10, 1), M(6, 5), M(2, 9) theories the real field F˜ is
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a ghost.
This is the same result conjectured by Hull [2],[16] . Since we considered the problem
with a constructive geometric approach, we can conclude that these are the only M(tˆ, sˆ)
theories one can construct and therefore we are able to give a simple recipe to determine
their supersymmetry transformation laws and Lagrangian as will be discussed in Section
4. This algebraic argument is related to the one used in reference [14]: there exists only
one real section of the complex OSp(1|32) superalgebra and in D = 11 there is only one
way to identify the generators acting as space-time translations, so the D = 11 realiza-
tion of the real section of the algebra is unique for each signature. On the other hand, in
D = 10 there are two possibilities of identifying the generators of space-time translations,
and this doubles the theories for each signature. This will be discussed in the next section.
3 Construction of D = 10 Type IIA Free Differential
Algebras
We want now to make the same analysis for D = 10 Type IIA supergravity for various
signatures, that we will indicate as IIA(t, s) theories. As in the previous D = 11 case,
we can consider just the signatures admitting Majorana spinors, that is:
IIA(0, 10) IIA(1, 9) IIA(2, 8) IIA(4, 6) IIA(5, 5)
and their mirrors t ↔ s (for signatures IIA(1, 9), IIA(9, 1) and IIA(5, 5) we have
Majorana-Weyl spinors, but now we prefer to use Majorana spinors ψ = ψL + ψR for
homogeneity of notation).
It is well known that Type−IIA(1, 9) supergravity can be obtained fromM(1, 10) super-
gravity compactifying on a space-like circle, and recently was found [2] that the M(tˆ, sˆ)
and the IIA(t, s) supergravities are linked each other via T − duality on tori including
timelike circles. In particular it was found [2] that reducing M(tˆ, sˆ) theories on spacelike
or timelike circles gives rise to IIA(t, s) theories according to the following scheme:
IIA(0, 10)
time
IIA(1, 9)
space
M(1, 10)
IIA∗(1, 9)
time
IIA(2, 8)
space
M(2, 9)
IIA(4, 6)
time
IIA(5, 5)
space
M(5, 6)
IIA(9, 1)
time
IIA(10, 0)
space
M(10, 1)
IIA(8, 2)
time
IIA∗(9, 1)
space
M(9, 2)
IIA∗(5, 5)
time
IIA(6, 4)
space
M(6, 5)
(3.23)
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The IIA∗ theories are distinct from the ones with the same space–time signature [2],
[14]. When the reduction is performed on the D = 11 FDA, the gamma–matrices reduce
according to the following rules:
Γaˆ −→ γa a, aˆ = 1 . . . 10
Γ11 −→ γ11 ≡ φγ1γ2 . . . γ10 (3.24)
The phase φ must be fixed according to the square in eleven dimensions: (Γ11)2 = 1 if
we compactify on a timelike circle, (Γ11)2 = −1 on a spacelike circle. According to our
choice for the signature we have:
(γ11)2 = φ2(−1)s+1 (3.25)
The relevant thing is how the definition of the Dirac conjugate spinor ψ¯ = ψ†G−1 changes
reducing from D = 11 to D = 10; let us consider the various cases.
If the Dirac conjugate spinor in D = 11 is defined using G = GI = Γ
1 . . .Γtˆ there are two
possible cases: if we reduce on a spacelike circle Γ11 does not appear in the definition of
ψ¯ and hence the Dirac conjugate spinor reduces to D = 10 as
ψ¯ = ψ†(G
(11)
I )
−1; G
(11)
I = Γ
1 . . .Γtˆ
D=10−→ ψ¯ = ψ†(G(10)I )−1; G(10)I = γ1 . . . γt (3.26)
On the other hand, if we reduce on a timelike circle Γ11 appears in the definition of ψ¯,
since G = GI = Γ
1 . . .Γtˆ = Γ1 . . .Γtˆ−1Γ11; recalling definition (3.24) for the eleventh
Gamma–matrix, we have that
ψ¯ = ψ†(G
(11)
I )
−1; G
(11)
I = Γ
1 . . .Γtˆ−1Γ11
D=10−→ ψ¯ = ξψ†(G(10)II )−1; G(10)II = γ10−s . . . γ10
(3.27)
where ξ is a phase depending on φ and on the number of spacelike dimensions that has
to be determined for each case.
On the other hand, if in D = 11 the Dirac conjugate spinor is defined using G = GII ,
the reduction on a timelike circle leaves the definition unchanged, while a reduction on a
spacelike circle leads to a definition in D = 10 with G = GI , up to a phase.
This is a general feature of reduction from D = 2n + 1 −→ D − 1 = 2n: if we reduce on
a spacelike circle we obtain a theory in D − 1 dimensions formulated with ψ¯ = ψ†G−1I , if
we reduce on a timelike circle we obtain a theory formulated with ψ¯ = ψ†G−1II , and this
does not depend on the definition of ψ¯ in D dimensions1.
We will not perform here the explicit reduction to ten dimensions for the various signa-
tures; it is more useful to start from the very beginning and construct all the possible
IIA(t, s) with the geometric approach considering the appropriate D = 10 FDA.
However the previous discussion was important to realize that we must take into account
both type of theories, with Dirac conjugate spinors defined with G = GI and G = GII
and will help us to identify the theories we are going to construct with the ones classified
by Hull in reference [2], summarized in the diagram (3.23).
1This also happens while constructing (if possible) Anti de Sitter and de Sitter supergravities in even
dimensions [17]
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We take as starting point the FDA of the already known IIA(1, 9) theory, obtained
compactifying the FDA of M(1, 10) supergravity [9] on a spacelike circle:
DV a − i
2
ψ¯γaψ = 0 (3.28)
Rab = 0 (3.29)
Dψ = 0 (3.30)
G = dA− i
2
ψ¯γ11ψ = 0 (3.31)
H = dB − 1
2
ψ¯γaγ11ψVa = 0 (3.32)
F = dC − 1
2
ψ¯γabψVaVb + iBψ¯γ
11ψ = 0 (3.33)
Besides the graviton, described by the vielbein V aµ , the spin
3
2
gravitino ψµ, the one-form
field Aµ, the two-form field Bµν and the three-form Cµνρ, the D = 10, OSp(1|32) multiplet
contains the spin 1
2
dilatino χ and the scalar dilaton σ, that are zero in the vacuum.
In order to determine the structure of all the IIA(t, s) theories, we must analyze the
reality properties of the currents involved in the FDA; it is useful to define
γ = γ1γ2 . . . γ10 (3.34)
so that the matrix γ11 appearing in the IIA(1, 9) FDA (3.28)–(3.33) is defined as
γ11 = iγ (γ11)2 = −1 (3.35)
The reality properties of the D = 10 currents for the various signatures (t, s), are resumed
in Table 2:
(t, s) (0, 10) (1, 9) (2, 8) (4, 6) (5, 5)
χI χII χI χII χI χII χI χII χI χII
ψ¯γaψ +1 +1 -1 -1 -1 -1 +1 +1 -1 -1
ψ¯γabψ +1 -1 +1 -1 -1 +1 +1 -1 +1 -1
ψ¯γaγψ +1 +1 -1 -1 -1 -1 +1 +1 -1 -1
ψ¯γψ +1 -1 +1 -1 -1 +1 +1 -1 +1 -1
(t, s) (10, 0) (9, 1) (8, 2) (6, 4)
χI χII χI χII χI χII χI χII
ψ¯γaψ -1 -1 -1 -1 +1 +1 -1 -1
ψ¯γabψ -1 +1 +1 -1 +1 -1 -1 +1
ψ¯γaγψ -1 -1 -1 -1 +1 +1 -1 -1
ψ¯γψ -1 +1 +1 -1 +1 -1 -1 +1
Table 2: Values of the phase χ for D = 10 currents
We can easily see, recalling definition (3.35), that the FDA (3.28)–(3.33) is then de-
fined with real fields if we choose δ = −1 and G = GI . As we did in D = 11, we want
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now to find a relation between the already known supersymmetry transformation laws
and Lagrangian of IIA(1, 9) supergravity and the other we are going to construct. The
reasoning is the same: since the procedure of constructing the theory is dependent neither
on the signature, nor on the definition of the Dirac conjugate, nor on the reality of the
fields, we will keep the FDA (3.28)–(3.33) for all the theories and consequently we will
get formally the same solution. Next, we will redefine the fields that are pure imaginary
in terms of real ones: this way, since the IIA(1, 9) theory is ghost free, whenever an
imaginary field occurs, it will be associated to a real ghost–like field. With this analysis
we are able to determine which fields are ghost in each theory just from an algebraic con-
structive approach. When scalar fields are involved, some more considerations are needed
to understand if the scalar will be a ghost or if the redefinition χ→ iχ on the spin 1
2
field
is needed; it is easy to see that the dilaton can never become a ghost, as explained in the
Appendix. We must also recall that, when doing explicit calculation starting from the
IIA(1, 9) FDA (3.28)–(3.33), we make use of the fact that (γ11)2 = −1, where γ11 = iγ;
hence, if we want to use the same FDA for all the theories, we must define case by case
a matrix γ11 which squares to -1. Recalling equation (3.25), we see that (γ)2 = −1 if
s is even, hence, in this case, we should define γ11 = γ. Consequently one has to take
into account the difference of a factor ”−i” while evaluating the reality of the currents for
theories with an even number of spacelike dimensions. Last, since it is convenient to leave
unchanged the torsion equation (3.28), it is useful to set δ = 1 for signatures (0, 10), (4, 6),
(8, 2) and δ = −1 for the others as we can see from Table 2. For sake of clearness, let us
first identify the theories occurring in reference [2] with the ones appearing in Table 2.
Remembering that for a theory obtained compactifying on a spacelike circle G = GI while
for a theory obtained compactifying on a timelike circle G = GII we have the following
set of identifications:
(t, s) = (1, 9) : G = GI −→ IIA(1, 9); G = GII −→ IIA∗(1, 9)
(t, s) = (9, 1) : G = GI −→ IIA∗(9, 1); G = GII −→ IIA(9, 1)
(t, s) = (5, 5) : G = GI −→ IIA(5, 5); G = GII −→ IIA∗(5, 5) (3.36)
(t, s) = (0, 10) : G = GII −→ IIA(0, 10)
(t, s) = (10, 0) : G = GI −→ IIA(10, 0)
(t, s) = (2, 8) : G = GI −→ IIA(2, 8)
(t, s) = (8, 2) : G = GII −→ IIA(8, 2)
(t, s) = (4, 6) : G = GII −→ IIA(4, 6)
(t, s) = (6, 4) : G = GI −→ IIA(6, 4) (3.37)
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We can observe that for the first group of signatures (3.36) we have both the IIA and
the IIA∗ theories, while for the second group (3.37) we have just one theory for each
signature; all together, these are the only theories that can be obtained from D = 11
compactifying on a spacelike or on a timelike circle, according to reference [2].
On the other hand, as we can see from Table 2 these are not the only IIA theories one can
construct; for each signature (t, s) we have always two distinct FDA formulated respec-
tively with G = GI and G = GII corresponding to two different choices of the generators
of the translations as explained in reference [14]; it is clear from Table 2 that they are
distinct theories with a different content of ghost. It is also evident that they can not be
obtained from D = 11 supergravity compactifying on just one circle.
We will indicate the theories missing from Hull’s classification as IIA′ according to Van
Proeyen’s and Bergshoeff’s notation [14] and they can be identified as follows2:
(t, s) = (0, 10) : G = GI −→ IIA′(0, 10)
(t, s) = (10, 0) : G = GII −→ IIA′(10, 0)
(t, s) = (2, 8) : G = GII −→ IIA′(2, 8)
(t, s) = (8, 2) : G = GI −→ IIA′(8, 2)
(t, s) = (4, 6) : G = GI −→ IIA′(4, 6)
(t, s) = (6, 4) : G = GII −→ IIA′(6, 4) (3.38)
This scenario is similar to what happens in D = 6 for the complex F (4)t superalgebra
[17]: for t = 1, 2 [15], [5] we have two different real sections, that correspond to a de Sitter
and an Anti de Sitter vacuum respectively. If we consider their contraction m = 0 to a
Poincare´ vacuum, they are still two different theories; the contraction coming from AdS
is ghost free, while in the contraction from dS the spin 1 fields FΛ are ghosts, as in the
uncontracted theory. In any case, the two FDA are characterized by a different definition
of the Dirac conjugate spinor, with G = GI and G = GII respectively.
At this point we can simplify the content of Table 2 taking into account all the previous
considerations. In Table 3 we have grouped the theories with the same characteristics and
we indicate the reality of each current. For each group of theories the ghost-like fields are
the ones defined with currents whose reality differs from the one of the IIA(1, 9) theory,
that is known to be ghost free. In Table 4 we explicitly write the sign of the kinetic terms
for each group of theories; we write a ”+” when the sign is the same as the IIA(1, 9)
theory and a ”–” if it differs.
Note that, due to the structure of the supercovariant field strength (3.33) the only possible
combination of ghost and no–ghost fields are those of Table 4.
2The authors of [14] propose a redefinition that identifies the algebra underlying the theories (3.38)
with the one of (3.37); with this formulation it is not evident how to identify the (3.38) with the (3.37)
supergravities.
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IIA(1, 9) IIA∗(1, 9) IIA(0, 10) IIA′(10, 0) IIA(10, 0) IIA′(0, 10)
IIA(5, 5) IIA∗(5, 5) IIA(4, 6) IIA′(6, 4) IIA(6, 4) IIA′(4, 6)
IIA∗(9, 1) IIA(9, 1) IIA(8, 2) IIA′(2, 8) IIA(2, 8) IIA′(8, 2)
ψ¯γaψ imaginary imaginary imaginary imaginary
ψ¯γabψ real imaginary real imaginary
ψ¯γaγ11ψ real real imaginary imaginary
ψ¯γ11ψ imaginary real real imaginary
Table 3: Reality of the currents for D = 10 Type IIA supergravities
IIA(1, 9) IIA∗(1, 9) IIA(0, 10) IIA′(10, 0) IIA(10, 0) IIA′(0, 10)
IIA(5, 5) IIA∗(5, 5) IIA(4, 6) IIA′(6, 4) IIA(6, 4) IIA′(4, 6)
IIA∗(9, 1) IIA(9, 1) IIA(8, 2) IIA′(2, 8) IIA(2, 8) IIA′(8, 2)
F + – + –
H + + – –
G + – – +
Table 4: Presence of ghosts in D = 10 Type IIA supergravities
4 The supersymmetric transformation laws
and Lagrangians
4.1 The D = 11 supergravities
In this section we will write explicitly the supersymmetry transformation rules and the
relevant terms of the D = 11 and D = 10 Type IIA variant supergravities Lagrangian,
applying the redefinitions discussed in the previous sections.
As explained in Section 2, theM(1, 10),M(5, 6),M(9, 2) theories have the same structure,
that is the well known conventional D = 11 supergravity [6] to which we refer from now
on3. The supersymmetry transformation laws are:
δV aˆµˆ = −iεΓaˆψµˆ (4.39)
δψµˆ = Dµˆε+ i
144
(Γ νˆρˆσˆλˆµˆ − 8δνˆµˆΓρˆσˆλˆ)Fνˆρˆσˆλˆε (4.40)
δCµˆνˆρˆ =
3
2
εΓµˆνˆψρˆ (4.41)
Furthermore the Lagrangian is given by:
(det V )−1L = −1
4
R− i
2
ψ¯µˆΓ
µˆνˆρˆDνˆψρˆ − 1
48
FµˆνˆρˆσˆF µˆνˆρˆσˆ + 1
192
(
ψ¯µˆΓ
µˆνˆρˆσˆλˆpˆiψνˆ + 12ψ¯
ρˆΓσˆλˆψpˆi
)
(
Fρˆσˆλˆpˆi + Fµˆνˆρˆσˆ
)
+
2
(12)4
(det V )−1ǫαˆβˆγˆδˆλˆµˆνˆpˆiσˆτˆ ωˆFαˆβˆγˆδˆFλˆµˆνˆpˆiCσˆτˆ ωˆ (4.42)
3There are some small differences in the conventions and normalization with respect to reference [9]
to which we referred in Section 2, but this is irrelevant for our purposes
11
where we have defined according to reference [6] the field strength Fµˆνˆρˆσˆ = 4∂[µˆCνˆρˆσˆ] and
the super covariant field strength Fµˆνˆρˆσˆ = Fµˆνˆρˆσˆ − 3ψ¯µˆΓνˆρˆψσˆ.
For the M(10, 1), M(6, 5), M(2, 9) theories, the supersymmetry transformation rules
and the Lagrangian are formally the same as (4.39)–(4.42) but the super covariant field
strength F and the field strength F are pure imaginary. Expressing them in terms of real
objects
F = −iF˜ ; F = −iF˜ ; C = −iC˜ (4.43)
we thus obtain the supersymmetry transformation laws and the Lagrangian for theM(10, 1),
M(6, 5), M(2, 9) theories.
The supersymmetry transformation laws are:
δV aˆµˆ = −iεΓaˆψµˆ (4.44)
δψµˆ = Dµˆε+ 1
144
(Γ νˆρˆσˆλˆµˆ − 8δνˆµˆΓρˆσˆλˆ)F˜νˆρˆσˆλˆε (4.45)
δC˜µˆνˆρˆ = i
3
2
εΓµˆνˆψρˆ (4.46)
where the super covariant field strength is F˜µˆνˆρˆσˆ = F˜µˆνˆρˆσˆ − 3iψ¯µˆΓνˆρˆψσˆ.
As explained before, this method works as long as the signature of the space–time does not
enter the computation; otherwise some more considerations are needed. Hence, perform-
ing a supersymmetry transformation on the Lagrangian, the Chern–Simons term must
cancel with the Pauli term, but this involves the dualization of Lorentz indices on the
Gamma–matrices, which depends on the number of spacelike dimensions.
When the number s of spacelike dimensions is even, as in the standard D = 11 super-
gravity, we have the usual definition:
ǫα1...αnβ1...βmΓ
β1...βm = (−1)m(m−1)2 (−i)m! Γα1...αn (4.47)
When s is odd, as in the present case, equation (4.47) must be modified with an extra
“i” factor, that is:
ǫα1...αnβ1...βmΓ
β1...βm = (−1)m(m−1)2 (−1)m! Γα1...αn (4.48)
This implies that we need an extra ”i” also in the Chern–Simons term, in order to have
cancellation.
(det V )−1L = −1
4
R− i
2
ψ¯µˆΓ
µˆνˆρˆDνˆψρˆ + 1
48
F˜µˆνˆρˆσˆF˜ µˆνˆρˆσˆ − i
192
(
ψ¯µˆΓ
µˆνˆρˆσˆλˆpˆiψνˆ + 12ψ¯
ρˆΓσˆλˆψpˆi
)
(
F˜ρˆσˆλˆpˆi + F˜ρˆσˆλˆpˆi
)
− 2
(12)4
(det V )−1ǫαˆβˆγˆδˆλˆµˆνˆpˆiσˆτˆ ωˆF˜αˆβˆγˆδˆF˜λˆµˆνˆpˆiC˜σˆτˆ ωˆ (4.49)
As we stressed before, we can see that the field F˜λˆµˆνˆpˆi is a ghost.
4.2 The D = 10 Type IIA supergravities
We will now consider the Type IIA theories, starting from the already known IIA(1, 9)
[10], to which we refer for notations and conventions; from the previous analysis we know
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that the IIA(1, 9), IIA(5, 5) and IIA∗(9, 1) have the same structure, that we can take
from reference [10].
The supersymmetry transformation laws are (up to three fermion terms):
δV aµ = −iεγaψµ (4.50)
δAµ =
i
2
e−
9
8
σψ¯µγ
11ε− i3
√
2
8
e−
9
8
σχ¯γµε (4.51)
δBµν = e
3
4
σψ¯[µγν]γ
11ε− 1
2
√
2
e
3
4
σχ¯γµνε (4.52)
δCµνρ = −3
2
e−
3
8
σψ¯[µγνρ]ε+
1
4
√
2
e−
3
8
σχ¯γ11γµνρε+
+6e
3
4
σA[µψ¯νγρ]γ
11ε− 3√
2
e
3
4
σA[µχ¯γνρ]ε (4.53)
δσ = i
2
√
2
3
χ¯γ11ε (4.54)
δψµ = Dµε− 1
32
e
9
8
σ(γ νρµ − 14δνµγρ)γ11Gνρε+
i
48
e−
3
4
σ(γ νρσµ − 9δνµγρσ)γ11Hνρσε+
+
i
128
e
3
8
σ(γ νρστµ −
20
3
δνµγ
ρστ )Fνρστε (4.55)
δχ =
3
√
2
8
Dµσγµγ11ε+ 3
8
√
2
e
9
8
σγµνGµνε+
i
12
√
2
e−
3
4
σγµνρHµνρε+
− i
96
√
2
e
3
8
σγµνρσγ11Fµνρσε (4.56)
The Lagrangian is given by (up to four fermions terms):
(det V )−1L = −1
4
R− i
2
ψ¯µγ
µνρDνψρ − 1
48
e
3
4
σFµνρσFµνρσ + 1
12
e−
3
2
σHµνρHµνρ +
−1
4
e
9
4
σGµνGµν + i
2
χ¯γµDµχ− i3
√
2
8
χ¯γ11γµγνψµ∂νσ +
9
32
∂µσ∂
µσ +
+
3
2(12)3
(det V )−1ǫαβγδλµνρστFαβγδFλµνρBστ +
+
1
96
e
3
8
σ(ψ¯µγ
µνλρστψν + 12ψ¯
λγρσψτ +
1√
2
χ¯γ11γµγλρστψµ +
3
4
χ¯γλρστχ)Fλρστ +
− 1
24
e−
3
4
σ(ψ¯µγ
11γµνλρσψν − 6ψ¯λγ11γρψσ −
√
2χ¯γµγλρσψµ)Hλρσ +
− i
8
e
9
8
σ(ψ¯µγ
11γµνλρψν + 2ψ¯
λγ11ψρ +
3√
2
χ¯γµγλρψµ +
5
4
χ¯γ11γλρχ)Gλρ (4.57)
where we have defined, according to reference [10], the super covariant field strength as
Fµνρσ = Fµνρσ − 3e− 38σψ¯[µγνρψσ] + 1√
2
e−
3
8
σχ¯γ11γ[µνρψσ] (4.58)
Hµνρ = Hµνρ − 3
2
e
3
4
σψ¯[µγνγ
11ψρ] +
3
2
√
2
e
3
4
σχ¯γ[µνψρ] (4.59)
Gµν = Gµν + i
2
e−
9
8
σψ¯µγ
11ψν − i3
√
2
4
e−
9
8
σχ¯γ[µψν] (4.60)
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Dµσ = ∂µσ + i2
√
2
3
ψ¯µγ
11χ (4.61)
and the field strength as
Fµνρσ = 4∂[µCµνρ + 8A[µHνρσ]; Hµνρ = 3∂[µBνρ]; Gµν = 2∂[µAν] (4.62)
As discussed in the previous section, all the other theories have formally the same struc-
ture, but they contain some pure imaginary fields and we need to redefine them in terms
of real ones case by case, according to the analysis of Table (3) and Table (4) and the
Appendix.
For the theories IIA∗(1, 9), IIA∗(5, 5) and IIA(9, 1) we need to redefine
F = −iF˜ ; F = −iF˜ ; C = −iC˜ (4.63)
G = −iG˜; G = −iG˜; A = −iA˜ (4.64)
χ = iχ˜; χ¯ = −i˜¯χ (4.65)
where we have maintained the definition (4.62) for the field strength. Thus, the super-
symmetry transformation laws and the Lagrangian of theories IIA∗(1, 9), IIA∗(5, 5) and
IIA(9, 1) are given by:
δV aµ = −iεγaψµ (4.66)
δA˜µ = −1
2
e−
9
8
σψ¯µγ
11ε− i3
√
2
8
e−
9
8
σ ˜¯χγµε (4.67)
δBµν = e
3
4
σψ¯[µγν]γ
11ε+
i
2
√
2
e
3
4
σχ¯γµνε (4.68)
δC˜µνρ = −i3
2
e−
3
8
σψ¯[µγνρ]ε+
1
4
√
2
e−
3
8
σ ˜¯χγ11γµνρε+
+6e
3
4
σA˜[µψ¯νγρ]γ
11ε+ i
3√
2
e
3
4
σA˜[µχ¯γνρ]ε (4.69)
δσ =
2
√
2
3
χ¯γ11ε (4.70)
δψµ = Dµε+ i
32
e
9
8
σ(γ νρµ − 14δνµγρ)γ11Gνρε+
i
48
e−
3
4
σ(γ νρσµ − 9δνµγρσ)γ11Hνρσε+
+
1
128
e
3
8
σ(γ νρστµ −
20
3
δνµγ
ρστ )Fνρστε (4.71)
δχ = −i3
√
2
8
Dµσγµγ11ε− 3
8
√
2
e
9
8
σγµνGµνε+
1
12
√
2
e−
3
4
σγµνρHµνρε+
+
i
96
√
2
e
3
8
σγµνρσγ11Fµνρσε (4.72)
(det V )−1L = −1
4
R− i
2
ψ¯µγ
µνρDνψρ + 1
48
e
3
4
σF˜µνρσF˜µνρσ + 1
12
e−
3
2
σHµνρHµνρ +
+
1
4
e
9
4
σG˜µν G˜µν + i
2
˜¯χγµDµχ˜− 3
√
2
8
˜¯χγ11γµγνψµ∂νσ + 9
32
∂µσ∂
µσ +
− 3
2(12)3
(det V )−1ǫαβγδλµνρστ F˜αβγδF˜λµνρBστ +
14
− i
96
e
3
8
σ(ψ¯µγ
µνλρστψν + 12ψ¯
λγρσψτ − i√
2
˜¯χγ11γµγλρστψµ + 3
4
˜¯χγλρστ χ˜)Fλρστ +
− 1
24
e−
3
4
σ(ψ¯µγ
11γµνλρσψν − 6ψ¯λγ11γρψσ + i
√
2 ˜¯χγµγλρσψµ)Hλρσ +
−1
8
e
9
8
σ(ψ¯µγ
11γµνλρψν + 2ψ¯
λγ11ψρ − i 3√
2
˜¯χγµγλρψµ + 5
4
˜¯χγ11γλρχ˜)Gλρ (4.73)
Comparing the Lagrangian (4.73) with the Lagrangian (4.57) we see that F˜µνρσ and G˜µν
are ghost, as previously discussed.
Furthermore the super covariant field strength are now defined as
F˜µνρσ = F˜µνρσ − 3ie− 38σψ¯[µγνρψσ] + 1√
2
e−
3
8
σχ¯γ11γ[µνρψσ] (4.74)
Hµνρ = Hµνρ − 3
2
e
3
4
σψ¯[µγνγ
11ψρ] +
3
2
√
2
e
3
4
σχ¯γ[µνψρ] (4.75)
G˜µν = G˜µν − 1
2
e−
9
8
σψ¯µγ
11ψν − i3
√
2
4
e−
9
8
σχ¯γ[µψν] (4.76)
Dµσ = ∂µσ − 2
√
2
3
ψ¯µγ
11χ˜ (4.77)
For the IIA(0, 10) and IIA′(0, 10) series, since we have an even number of spacelike
dimensions, we must recall that the dualization rules are different, in order to write the
correct Chern–simons term.
If the number s of spacelike dimensions is odd, as in the the previous cases we have
ǫα1...αnβ1...βmγ
β1...βm = (−1)m(m−1)2 (−i)m! γ11γα1...αn (4.78)
When s is even, as in the present case, equation (4.78) must be modified with an extra
“i” factor, that is:
ǫα1...αnβ1...βmγ
β1...βm = (−1)m(m−1)2 (−1)m! γ11γα1...αn (4.79)
thus we need an extra ”i” also the Chern–Simons term, in order to have cancellation when
performing a supersymmetry transformation on the Lagrangian.
For the theories IIA(0, 10), IIA(4, 6), IIA(8, 2), IIA′(10, 0), IIA′(6, 4) and IIA′(2, 8),
according to the discussion in the previous section we redefine
H = iH˜; H = iH˜; B = iB˜ (4.80)
G = −iG˜; G = −iG˜; A = −iA˜ (4.81)
χ = iχ˜; χ¯ = −i˜¯χ (4.82)
where we have maintained the definition (4.62) also for the “tilded” field strength.
The supersymmetry transformation laws and the Lagrangian are given by:
δV aµ = −iεγaψµ (4.83)
δA˜µ = −1
2
e−
9
8
σψ¯µγ
11ε− i3
√
2
8
e−
9
8
σχ¯γµε (4.84)
15
δB˜µν = −ie 34σψ¯[µγν]γ11ε+ 1
2
√
2
e
3
4
σ ˜¯χγµνε (4.85)
δCµνρ = −3
2
e−
3
8
σψ¯[µγνρ]ε− i 1
4
√
2
e−
3
8
σ ˜¯χγ11γµνρε+
−6ie 34σA˜[µψ¯νγρ]γ11ε+ 3√
2
e
3
4
σA˜[µ ˜¯χγνρ]ε (4.86)
δσ =
2
√
2
3
˜¯χγ11ε (4.87)
δψµ = Dµε+ i
32
e
9
8
σ(γ νρµ − 14δνµγρ)γ11G˜νρε−
1
48
e−
3
4
σ(γ νρσµ − 9δνµγρσ)γ11H˜νρσε+
+
i
128
e
3
8
σ(γ νρστµ −
20
3
δνµγ
ρστ )Fνρστε (4.88)
δχ˜ = −i3
√
2
8
Dµσγµγ11ε− 3
8
√
2
e
9
8
σγµνG˜µνε+
i
12
√
2
e−
3
4
σγµνρH˜µνρε+
− 1
96
√
2
e
3
8
σγµνρσγ11Fµνρσε (4.89)
(det V )−1L = −1
4
R− i
2
ψ¯µγ
µνρDνψρ − 1
48
e
3
4
σFµνρσFµνρσ − 1
12
e−
3
2
σH˜µνρH˜µνρ +
+
1
4
e
9
4
σG˜µν G˜µν + i
2
˜¯χγµDµχ˜− 3
√
2
8
˜¯χγ11γµγνψµ∂νσ + 9
32
∂µσ∂
µσ +
− 3
2(12)3
(det V )−1ǫαβγδλµνρστFαβγδFλµνρB˜στ +
+
1
96
e
3
8
σ(ψ¯µγ
µνλρστψν + 12ψ¯
λγρσψτ − i 1√
2
˜¯χγ11γµγλρστψµ + 3
4
˜¯χγλρστ χ˜)Fλρστ +
− i
24
e−
3
4
σ(ψ¯µγ
11γµνλρσψν − 6ψ¯λγ11γρψσ + i
√
2 ˜¯χγµγλρσψµ)H˜λρσ +
−1
8
e
9
8
σ(ψ¯µγ
11γµνλρψν + 2ψ¯
λγ11ψρ − i 3√
2
˜¯χγµγλρψµ + 5
4
˜¯χγ11γλρχ˜)G˜λρ (4.90)
Comparing the Lagrangian (4.90) with the Lagrangian (4.57) we see that H˜µνρ and G˜µν
are ghost, as previously discussed.
Here we have defined the super covariant field strength as
Fµνρσ = Fµνρσ − 3e− 38σψ¯[µγνρψσ] − i 1√
2
e−
3
8
σ ˜¯χγ11γ[µνρψσ] (4.91)
H˜µνρ = H˜µνρ + i3
2
e
3
4
σ ˜¯ψ[µγνγ11ψρ] − 3
2
√
2
e
3
4
σχ¯γ[µνψρ] (4.92)
G˜µν = G˜µν − 1
2
e−
9
8
σψ¯µγ
11ψν − i3
√
2
4
e−
9
8
σ ˜¯χγ[µψν] (4.93)
Dµσ = ∂µσ − 2
√
2
3
ψ¯µγ
11χ˜ (4.94)
Finally, we derive the structure of IIA(10, 0), IIA(6, 4), IIA(2, 8), IIA′(0, 10), IIA′(4, 6)
and IIA′(8, 2), for which we define
F = −iF˜ ; F = −iF˜ ; C = −iC˜ (4.95)
H = −iH˜ ; H = −iH˜; B = −iB˜ (4.96)
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maintaining the definition (4.62) for the “tilded” field strength.
The supersymmetry transformation laws and the Lagrangian are given by:
δV aµ = −iεγaψµ (4.97)
δAµ =
i
2
e−
9
8
σψ¯µγ
11ε− i3
√
2
8
e−
9
8
σχ¯γµε (4.98)
δB˜µν = ie
3
4
σψ¯[µγν]γ
11ε− i
2
√
2
e
3
4
σχ¯γµνε (4.99)
δC˜µνρ = −i3
2
e−
3
8
σψ¯[µγνρ]ε+ i
1
4
√
2
e−
3
8
σχ¯γ11γµνρε+
+6ie
3
4
σA[µψ¯νγρ]γ
11ε− i 3√
2
e
3
4
σA[µχ¯γνρ]ε (4.100)
δσ = i
2
√
2
3
χ¯γ11ε (4.101)
δψµ = Dµε− 1
32
e
9
8
σ(γ νρµ − 14δνµγρ)γ11Gνρε+
1
48
e−
3
4
σ(γ νρσµ − 9δνµγρσ)γ11H˜νρσε+
+
1
128
e
3
8
σ(γ νρστµ −
20
3
δνµγ
ρστ )F˜νρστε (4.102)
δχ =
3
√
2
8
Dµσγµγ11ε+ 3
8
√
2
e
9
8
σγµνGµνε+
1
12
√
2
e−
3
4
σγµνρH˜µνρε+
− 1
96
√
2
e
3
8
σγµνρσγ11F˜µνρσε (4.103)
(det V )−1L = −1
4
R− i
2
ψ¯µγ
µνρDνψρ + 1
48
e
3
4
σF˜µνρσF˜µνρσ − 1
12
e−
3
2
σH˜µνρH˜µνρ +
−1
4
e
9
4
σGµνGµν + i
2
χ¯γµDµχ− i3
√
2
8
χ¯γ11γµγνψµ∂νσ +
9
32
∂µσ∂
µσ +
− 3
2(12)3
(det V )−1ǫαβγδλµνρστ F˜αβγδF˜λµνρB˜στ +
− i
96
e
3
8
σ(ψ¯µγ
µνλρστψν + 12ψ¯
λγρσψτ +
1√
2
χ¯γ11γµγλρστψµ +
3
4
χ¯γλρστχ)Fλρστ +
+
i
24
e−
3
4
σ(ψ¯µγ
11γµνλρσψν − 6ψ¯λγ11γρψσ −
√
2χ¯γµγλρσψµ)Hλρσ +
− i
8
e
9
8
σ(ψ¯µγ
11γµνλρψν + 2ψ¯
λγ11ψρ +
3√
2
χ¯γµγλρψµ +
5
4
χ¯γ11γλρχ)Gλρ (4.104)
Comparing the Lagrangian (4.104) with the Lagrangian (4.57) we see that F˜µνρσ and H˜µνρ
are ghost, as previously discussed.
Here we have defined the super covariant field strength as
F˜µνρσ = F˜µνρσ − 3ie− 38σψ¯[µγνρψσ] + i√
2
e−
3
8
σχ¯γ11γ[µνρψσ] (4.105)
H˜µνρ = H˜µνρ − i3
2
e
3
4
σψ¯[µγνγ
11ψρ] + i
3
2
√
2
e
3
4
σχ¯γ[µνψρ] (4.106)
Gµν = Gµν + i
2
e−
9
8
σψ¯µγ
11ψν − i3
√
2
4
e−
9
8
σχ¯γ[µψν] (4.107)
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Dµσ = ∂µσ + i2
√
2
3
ψ¯µγ
11χ (4.108)
5 Conclusions
In this paper we have constructed with the geometric approach the supersymmetry trans-
formation laws and Lagrangian for all the variant D = 11 and D = 10 Type IIA su-
pergravities and shown that they admit a supersymmetric Poincare´ vacuum. With our
constructive approach we realized that for each allowed signature there exists two dis-
tinct D = 10 Type IIA supergravities. When variant supergravities were first introduced
by Hull [2], two versions of D = 10 Type IIA theories occurred only for signatures
(t, s) = (1, 9), (t, s) = (9, 1), (t, s) = (5, 5). The theories classified by Hull are in fact
the only D = 10 Type IIA theories that can be obtained from D = 11 supergravity
compactifying on a spacelike or on a timelike circle. The set of new theories constructed
in this paper can certainly not be obtained trivially compactifying from eleven dimensions
on just one circle, and seem to be distinct from the other ones. It would be interesting to
understand how they arise in the context of T–duality transformations.
The procedure used in this context to construct variant forms of an already known su-
pergravity, can be suitably extended to other cases.
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Appendix
In this appendix we discuss the consistency of the Majorana condition on spinors for
various signatures and for the two definitions of the Dirac conjugate spinor ψ¯ = ψ†G−1
G = {GI , GII}.
In D = 11 the only possible choice for the charge conjugation matrix is the antisymmetric
one CT = −C, so that:
γTa = −CγaC−1 (6.1)
On the other hand, the hermitian conjugate depends on the choice of G, since
Γa† = η G−1ΓaG (6.2)
where the phase η takes two different values according to the two definitions of G, namely
ηI = (−1)t−1; ηII = (−1)s (6.3)
We can observe that in odd dimensions, the phases (6.3) coincide, so that we have only
one way to define the hermitian conjugate of a γ matrix. On the other hand, in odd
dimensions, GI and GII differ only by a phase factor [13], depending on the signature of
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the space–time. That means that if this factor is real, the reality of a current evaluated
with definitions I and II is the same in both cases; if the scalar factor is pure imaginary
each current has opposite reality in the two cases, but this can be formally absorbed in
the definition of δ in equation (2.14). Thus, in odd dimension, is totally equivalent to use
definition I or II for the Dirac conjugate spinor; since we have chosen for our calculations
G = GI we will consider this latter case and we impose the following Majorana condition
on spinors:
ψ†G−1I = ψ
TC (6.4)
this must be consistent with the supersymmetry transformation rules of such spinors
δψ†G−1I = δψ
TC (6.5)
At this purpose, we can evaluate the transposition and the hermitian conjugation of the
product of n Gamma–matrices in D = 11 using equations (6.1), (6.2), (6.3):
(γa1 . . . γan)
T = (−1)nC−1(−)γan . . . γa1C(−)
(γa1 . . . γan)
† = (−1)n(t−1)G−1I γan . . . γa1GI (6.6)
If we want to satisfy the condition (6.5), the coefficients of the supersymmetry transfor-
mation rule of ψ (4.40),(4.45) must obey a simple rule descending from equations (6.6):
when t is even the product must appear in the transformation rule with a real coefficient;
when t is odd, there must be a real coefficient if n is even and an imaginary one if n is
odd. This is exactly what we found in Section 4.
These considerations become more interesting in the D = 10 case. When real scalar
fields are present they must appear, out of the vacuum configuration, as in equation (4.61),
that is
Dµσ = ∂µσ + i2
√
2
3
ψ¯µγ
11χ (6.7)
In order to have the scalar field σ real, the coefficient of ψ¯µγ
11χ must be chosen according
to the reality properties of the current that are summarized in the last line of Table 2
According to our previous discussions, we could be tempted to conclude that in the
IIA∗(1, 9) and IIA(0, 10) series, the field σ becomes pure imaginary and then it is a
ghost. On the other hand we have to take into account the possibility that the spin 1
2
field χ should be redefined as χ −→ iχ. The right choice can be made considering the
structure of the supersymmetry transformation laws of ψ and χ and requiring that also
δψ and δχ satisfy a Majorana condition (in the present case it very easy to see that the
dilaton σ could never become pure imaginary, because of its coupling eσ).
In D = 10 we have chosen the same charge conjugation matrix as in D = 11, so we
evaluate the transposition of the product of n matrices γ as in D = 11; on the other
hand, for hermitian conjugation, we must consider the two distinct definitions I, II for
the Dirac conjugate spinor. Using equations (6.2), (6.3), we can evaluate the hermitian
conjugate of the product of n Gamma–matrices in the two cases and compare them with
the transposition:
(γa1 . . . γan)
T = (−1)nC−1(−)γan . . . γa1C(−)
I : (γa1 . . . γan)
† = (−1)n(t−1)G−1I γan . . . γa1GI
II : (γa1 . . . γan)
† = (−1)nsG−1II γan . . . γa1GII (6.8)
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Also in this case it is easy to find a simple rule for the reality of the coefficients in front of a
term with n Gamma–matrices in the supersymmetry transformation laws of the fermions.
Using G = GI , if t is even the coefficient is always real; if t is odd, it is real if n is even,
pure imaginary if n is odd. Using G = GII , if s is odd the coefficient is always real; if s
is even, it is real if n is even, pure imaginary if n is odd.
Taking into account the various definition of the matrix γ11 it is possible to identify
“a priori” the reality of the coefficients appearing in the supersymmetry transformation
laws of the fermions for the various cases, in order to have Majorana spinors. We see that
we have Majorana spinors if in the IIA∗(1, 9) and IIA(0, 10) series we define χ −→ iχ,
so that the dilaton never becomes a ghost.
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